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=< “ JEE-Mathematics
INDEFINITE INTEGRATION

If f & F are function of x such that F' (x) = f(x) then the function F is called a PRIMITIVE OR ANTIDERIVATIVE
OR INTEGRAL of f(x) w.r.t. x and is written symbolically as

If(x)dx =F(x)+c <:>di{F(x)+c}: f(x), where c is called the constant of integration.
X

1. GEOMETRICAL INTERPRETATION OF INDEFINITE INTEGRAL :

jf(x)dx =F(x)+c =y(say), represents a family of curves. The different values of ¢ will correspond to different

members of this family and these members can be obtained by shifting any one of the curves parallel to itself.

This is the geometrical interpretation of indefinite integral.

Let f(x) = 2x. Then Jf(x)dx =x? +c. For different values

7z

.2
of ¢, we get different integrals. But these integrals are y=x+3

very similar geometrically. .
y=x+2
Thus, y = x?+ ¢, where c is arbitrary constant, represents
a family of integrals. By assigning different values to c, y=x+1
we get different members of the family. These together
constitute the indefinite integral. In this case, each integral
represents a parabola with its axis along y-axis.
If the line x = a intersects the parabolas y = %%, y = x? +1,

y=x"+2,y=x*-1y=x*-2atP,P,P,P P, efc,

d
respectively, then i at these points equals 2a. This

indicates that the tangents to the curves at these points
are parallel. Thus, ijdx =xZ+c= f(x)+c (say),

implies that the tangents to all the curves

f(x) + ¢, ¢ € R, at the points of intersection of the

eiziial

curves by the line x = a, (a € R) , are parallel.

<

2. STANDARD RESULTS :

N (ax + b)"*! dx 1
- +b)"dx =-——+c;n=-1 i =— b
(@) .[(ax ) a(n+1) “n (if) J.ax+b a n|ax+ |+C

px+q

1
(iii) J.ea”bdx =™ 4 ¢ (iv) Iapx+qu S +¢,(a>0)

a p fna

(v) J.sin(ax +b)dx = —lcos(ax +b)+c (vi) J-cos(ax +b)dx = lsin(ax +b)+c
a a

(vii) Itan(ax +b)dx = l!in | seclax +b)| +c (viii) J-cot(ax +b)dx = lZn | sin(ax +b)| +c
a a

(ix) J.secz (ax + b)dx = %tan(ax +b)+c (x) J-cos ec? (ax + b)dx = —icot(ax +b)+c

(xi) jcosec(ax + b).cot(ax + b)dx = —lcosec(ax +b)+c
a

1
(xii) jsec (ax + b).tan(ax + b)dx = ;sec(ax +b)+c

1
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tan| —+—
(4 2j

(xiii) J.secxdx = €n|secx+tanx|+c =/n +c
X
(xiv) Jcosecxdx =/n |cosecx—cotx|+c = (n tanE +c= —/n|cosecx +cotx| + ¢
dx 1 X dx 1
— cin~ 1 X
XV J——sm —+c xvi I—:—tan —+c
( ) [az_xz a ( ) a2+x2 a a

dx 1 1 X dx B o 2
(Xvii) J‘—Xm—gsec ;‘f‘c (XVlll) I—m—ﬁn[xﬁ- X" +a :| +c

dx / dx 1 a+x
. —:Zn[x+ xz—az} ———=—2/n
(xix) I [2 _ 42 T (xx) -[aZ_XZ 2a  |a-x
dx 1 - 2 2 X [2 2 a®  x
(xxi) J.Xz_agzgfn <+a +c (xxii) I a” —x dsz a” —x +7sin ;+c

2

(xxiii) J\/xz +a’dx zgxlxz +a +a?£n(x+\/x2 +a2)+c
2

(xxiv) J\/Xz —a%dx Z%\/xz —a? —%fn(x+\/x2 —a2)+c

ax

e eax ) 4 b
ax si = i - =———sin| bx —tan” — |+¢
(xxv) Ie .sin bx dx 7 (asinbx —bcosbx)+c m ( aj

ax eax

© (acosbx +bsinbx)+c = 77—
a? +b? Va? +b?

3. TECHNIQUES OF INTEGRATION

(xxvi) J e™ . cosbxdx =

cos (bx —tan! E) +c

a

(a) Substitution or change of independent variable :

If ¢(x) is a continuous differentiable function, then to evaluate integrals of the form If(¢(X))¢'(X)dX , we

substitute ¢(x) = t and ¢'(x)dx = dt.

Hence 1= If(d)(x))d)'(x)dx reduces to If(t)dt.

(i) Fundamental deductions of method of substitution :
. f(x)
“f(x)] f'(x)dx OR '[[f(x)]n dx put f(x) =t & proceed.
cos® x
Illustration 1 : Evaluate I— dx
sin? x +sinx
.2 o
Solution L L L L
sinx(1 + sin x) sin x
Put sinx =t = cosx dx = dt
1-t ) ]
= Iijdt:€n|t|—t+c =/n|sinx| —sinx +c¢ Ans.
(x2 —l)dx
lllustration 2 : Evaluate J 1
(x4 +3x% + 1)’[ar1_1 (x + f)
X
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JEE-Mathematics

The given integral can be written as

1]
1-—1d
( X2 X

1 1
Let (X +;j = t. Differentiating we get [1——2] dx = dt
X
H I J‘ dt
encel = |75——F—
(t? +1)tan 't
. dt
Now make one more substitution tan"'t = u. Then 21

Returning to t, and then to x, we have

tan™ (x + lj
X

I= /n|tan"t| +c =/n +c

d
=duand I = '[Tuzfnlu|+c

Ans.

(i)

Do yourself -1 :

2
X

Evaluate : jmdx
X

(ii)  Evaluate : Icos3 xdx

(ii)

Standard substitutions :

Jd—x orJ. a?+x%dx ;put x =atanf or x = a cot@
aZ +x? ’

dx 2 2
I—Q 5 orI a® —x“dx ;put x=asinO or x = a cosQ
a‘ —x

dx
J.\/ﬁ orj x? —a%dx ; put X = a secB or x = a cosec
Xx“ —a

a—x
J. dx ; put x =a cos20
a+x

_l. 22 dx or I (x—a)B-x) ;put x=q cos’ 9+ P sin’p
B-x & ;put x = q

[ ax or [Je—odn—Bl :putx- o sec? - B tan?
<P X or x—o)(x—B) ;putx= o sec“® - B tan” 9

2

dx

lllustration 3 :  Evaluate I

Solution

dx
VJ(x—a)b-x)

Put x = acos’® + bsin®0, the given integral becomes

3
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2(b—a)sin0cos6dO
=] :

{(a cos? 0+ bsin®0—a)(b —acos”0—bsin? 9}5

:j2(b—a)sin9cosed9 _ (b_ajIZde 2042 2sin] (x
b-a b

(b—a)sinBcosO

1-+x 1

.—dx
1++x X

Solution : Put x = cos’® = dx = -2sin cosd dO

[lllustration 4 : Evaluate .[

fl —cosO 1 . 0
= I :I m.m(—Zsmecose)de:—IZ tangtanede

:_4Isin2(9/2)de:_2J-1—cose
cos0 cos®

1++1-x

X

=-2/n +2cost \/; +c

d0=-2/n|secO—tanO| +20 +c

CAREER INSTITUTE
KOTA (RAJASTHAN

Ans.

Do yourself -2 :

g x=3 . dx
(i)  Evaluate : I 2 XdX (i)  Evaluate : jﬁ
a XVx“ +

du
(b) Integration by part : _[U~V dx = UJ-V dx —J- &J-V dx | dx where u & v are differentiable functions and

are commonly designated as first & second function respectively.

Note : While using integration by parts, choose u & v such that

du
(i) Ivdx & (ii) I[d_xjv dx} dx are simple to integrate.

This is generally obtained by choosing first function as the function which comes first in the word ILATE,

where; I-Inverse function, L-Logarithmic function, A-Algebraic function, T-Trigonometric function &

E-Exponential function.

[llustration 5 :  Evaluate : J.cosx/;dx

Solution : Consider I =J.cos \/;dx
1
Let Jx =t then ﬁ
i.e. dx = 2+/xdt or dx = 2t dt
) [= Icos t.2tdt

taking t as first function, then integrate it by part

= I—Z{tj‘costdt—J‘{%J‘costdt}dt} = Z[tsint—jl.sintdt] = 2[tsint+costl+c¢

I = 2[\/;Sir1 x+c05x/;:|+c

X

lllustration 6 :  Evaluate : .[ dx

1 +sinx

Ans.

m NODE6\ E:\Data\2014\Kota\JEE-Advanced\SMP\Maths\Unit#06\Eng\01-INDEFINITE INTEGRATION.p65



m NODE6\ E:\Data\2014\Kota\JEE-Advanced \SMP\Maths\Unit#06\Eng\01-INDEFINITE INTEGRATION.p45

ALLEN JEE-Mathematics

KOTA (RAJASTHAN

, X g J. x(1 —sinx)
Solution : Let 1 _Il+sinx X = )1 T sinx)(l —sinx)

= Ide = J-de=jxsec2 de—J‘xsecxtande

2 2
1-sin“x cos” X

{xjsecz xdx — J‘{j—zjsecz xdx}dx:| _ {xjsec X tan xdx — I{j—zj‘sec X tan xdx}dx}

= [x tanx — jtan xdx} - |:X secx — jsec xdx}

= [xtanx —fn|secx |l —[xsecx — n| secx + tanx ]+ ¢

; o
:x(tanx—secx)-i—ﬁnw+C=M+€n|1+sinx|+c Ans.
secx cosx
Do yourself -3 :
(i) Evaluate : jxexdx (ii)  Evaluate : st sin(x”*)dx
Two classic integrands :
(1) [eIfx)+Fxldx = e fx)+c
J(1=-x z
lllustration 7 : Evaluate Ie 5| dx
1+x
1-x ) (1-2x +x°) (1 2x e’
, . X — X —le - dX = +C
Solution  : Ie (—1+X2j dx Ie a7 dx _[ 1+x2) (L+x2) 1432 Ans.
Illustration 8 : The value of Iex( x' +2 dx is equal to -
) L 1+x? S/ZJ
e*(x+1) B e*(1—x+x?) e*(1-x) b ‘i
) (1+x2)3/2 (B) 1+ x2)2 © e (D) none of these
x*+2 ) (1 1-2x2
; . = dx = |e" + dx
Solution Let1 = [ L1+x p7) J (7 T ey
_ Iex( 1 3 X N X N 1-2x* \dx
L(l +x5)VF 1 +x3)P7 1 +x3)P7 1+ xz)WJ
e’ xe” e {l +x% +x}
= + +c=
1T+x*)?% (@1 +x?)¥? (1 +x2)°/2 +c Ans. (D)
Do yourself -4 :
q X -1 1 q X2 (s 2 2
(i) Evaluate : je [tan X + 2jdx (ii) Evaluate : Jxe (smx +cosx )dx
1+x
(i) [If(x) +xf (0ldx = xf(x) +
lllustration 9 : Evaluate ijdx
1+ cosx
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( \

X +sin x X +sinx
[ o[asmx | xesinx

Solution dx = I[xlsec2 X + tan i] dx = xtan 2y c Ans.
2 2 2 2

1+cosx 2COSZ§
2

Do yourself -5 :

(1) Evaluate : J(tan(ex) + xe* Secz(ex))dx (ii)  Evaluate : .[(Enx +1)dx

(c) Integration of rational function :

P(x)
(i) Rational function is defined as the ratio of two polynomials in the form @, where P(x) and Q(x)

are polynomials in x and Q(x) # 0. If the degree of P(x) is less than the degree of Q(x), then the

rational function is called proper, otherwise, it is called improper. The improper rational function

P(x)
can be reduced to the proper rational functions by long division process. Thus, if @ is improper,

th M—T()er here T(x) i | ial i dw' tional functi
en X Q(x) » Where T(x) is a polynomial in x and "~ /" is proper rational function.

Q(x)

It is always possible to write the integrand as a sum of simpler rational functions by a method called
partial fraction decomposition. After this, the integration can be carried out easily using the already

known methods.

S. No.| Form of the rational function Form of the partial fraction
px% +gx+r1 A B C
1 + +
(x—a)(x—b)(x—c) X—a x—b X—c
px% +qx+r1 A B C
Z | x—af (x—b) x—a T (x-af T x-b
pxXZ +qx +1 A Bx+C
3. (x —a)(x? +bx+c) X—a " xZ +bx+c

where x2+bx + ¢ cannot be factorised further

f(x) A Bx+C Dx+E
4. (x —a)(x? +bx +c)? x—a+x2 +bx+cJr (x% +bx +¢)?
where f(x) is a polynomial of degree less than 5.
llustration 10 : Evaluate J;dx
: (x=2)(x+5)
X A B

; +
Solution (x—2)x+5) x-2 x+5

or x = A(x+ 5) + B(x - 2).
by comparing the coefficients, we get
A =2/7 and B = 5/7 so that

X 20 dx 50 dx 2 5
I(><—2)(x+5) =g mgr7ls stk Sl 5l e Ans.
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4
X

, ——dx
Hlustration 11 Evaluate I(X+2)(X2+1)
ot x4 —(X—2) 3X2+4
Solution (x +2)(x% +1) (x +2)(x* +1)
1.2
3x*+4 16 . 5% g
Now, (1 o)x®+1) 5(x+2) xZ+1
1x+2
. etz
So, X =x—-2+ 16 45 5
(x +2)(x* +1) 5(x+2) x2+1
1x+2
16 5 5
Now, Xx—2)+ + d
ow |y T et |
2
= X——2x+%tan71X+1?6€n|x+2|—%€n(x2+1)+c Ans.
Do yourself - 6 :
J' 3x+2 . J' Xz—l d
. == ¥ .| ————dx
(i)  Evaluate : (x +1)(x +3) (ii)  Evaluate ; (x+1)(x+2)
(ii) I 5 dx ,I dx ,I ax? +bx +c dx
ax” +bx+c " yax? +bx +c
Express ax? + bx + ¢ in the form of perfect square & then apply the standard results.
+ +
(i) [ —dx [
ax” +bx+c Vax®? +bx + ¢
Express px + q = / (differential coefficient of denominator ) + m.
S lustration 12 :Evaluate [~
z z - 4
: ustration valuate o5~
2
z dx 1 dx 1 dx
" . 1= == ==
zSolutmn J‘2x2+x—1 2.[ , x 1 2.[ s x 1 1 1
& XF+o-= X+ ==
2 2 2 2 16 16 2
u§ :lJ' dx _l dx
% 27 (x+1/4%-9/16 2° (x+1/4)>—(3/4)
§ 1 1 x+1/4-3/4| . dx 1 -
5 ey log +c using, [ —— = ——log +c
% 2'23/4) |x+1/4+3/4| x*-a’ 2a |x+a
3
g =llogx_1/2 +C—lo 2x -1 +c Ans
g 3% %11 3 %2 +1) '
S Dlustrats 13 :Evaluate |~ t—dx
= ustration : Evaluate 4x% +4x+5
S
E
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Solution : Express 3x + 2 = ¢(d.c. of 4x* + 4x + 5) + m

or, 3x +2=/(8x +4) + m
Comparing the coefficients, we get
8 =3and 4/ +m=2=(=3/8andm=2 -4/ =1/2

3 8x+4 1 dx
= 1 =—I2—dx+—jz—
874x“ +4x+5 2Y4x" +4x+5
—§10g|4x2+4x+5|+ljd—x—§log4xz+4x+5|+ltan1(x+lj+c
8 8 < +x 5 8 8 2

CAREER INSTITUTE
«u JROTA (RAJASTHAN

Ans.

Do yourself -7 :

dx [ Bxrd
(i) Evaluate : Im (ii) Evaluate : m dx

(iv) Integrals of the form |1 —dx OR [+t b ax
v ntegrals o e rorm -
S xt +Kx?% +1 xt +Kx?% +1

Divide N* & D' by x? & proceed.

T — where K is any constant.

Note : Sometimes it is useful to write the integral as a sum of two related integrals, which can be evaluated by

making suitable substitutions e.g.

. J' 2X2 dX=J-X2+1dX+J-X2_1dX . J' 2 dx J'X2+1dX_J~X2—1dX

xt+1 xt +1 xt+1 x* +1 xt+1 xt+1

These integrals can be called as Algebric Twins.

Solution

4

[lllustration 14 : Evaluate : I—dX

.4 4
sin” X +Ccos X

1 sin? x + cos® x
= —dx = ——dx
I 4J-sin4x+cos4x 4'|.sir14x+cos4x
2 2 2 2
_ 4J’(tan x +1)cos de:4J(tan x:—l)sec de
(tan® x +1)

(tan* x + 1) cos® x

Now, put tanx = t = sec’x dx = dt

1+t 1/t2+1
=1=4 dt =4| —dt
J.1+t4 '[t2+1/t2
1
Now, putt - 1/t =z = [1+t—2]dt— dz

dz
22+2 2 J2 J2

:I=4I

V2

1

[llustration 15 : Evaluate : j—dx

x* +5x% +1

:itan_lizzﬁtan_l t_l/t =2\/§tan_1 [—tanx_l/tanxj"l‘c

Ans.
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Soluti I—lj‘;dx
olution : 2% +5x% 41
2 1 1+1/x% 1 1-1/x°
= IleL _J' :—j 5 5 ——j > >
244 1542 11 x4 +5x2 +1 x“+5+1/x 2°x"+5+1/x
{dividing N" and D" by x°}
2 _ 2 1 dt 1
:lj- (1+1/>2<) dx—lj. 1 1/x2)dx :E __J'
(x-1/%x)"+7 29 (x+1/x)*+3

wheret =x - — and u = x+—
X X

-3 )

l L‘[an1[—X_1/X]—Ltan1[—X+1/Xj +c
AR N7 ) B V3

Ans.
Do yourself -8 :
i Eltsz—ﬂdx "EltI dx
(i) valuate : < o1 (ii) valuate : vt
(d) Manipulating integrands :
(i) Id—x, neN, take x common & put 1 + x " =t
x(x" +1)
.s dx n -n n
(ii) I—‘11/ neN, take x" common & put 1 + x™" =1t
X (x +1) n
dx n -n _ n
(iii) I—l’ take x" common and put 1 + x™7 = t",
x™(1+x™)/"
dx
[llustration 16 :Evaluate : I %
x"(1+x")"
d d
Solution : Let I =J a T = _[ . n
x"(1+x")/" n+1( 1]
X 1+ -
X
1 1
Put 1+—-=1t" then —dx =—t""dt
X X
-1 -1 e
I=—'[t dt:—jt”‘zdtz—t +c= -1 (1+1)n +c Ans.

t n-1 n-1

Do yourself -9 :

2/3

(i) Evaluate : j ( o

dx
_ ii Evaluate :
x(x% +1) (i) J (

xZ(x® +1)

(iii) Evaluate :

dx
J. 3(X3 +1)1/3

X

9
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(e) Integration of trigonometric functions :

(i) fd—xz OR Id—xz ORI dx

. .2 . 2
a+bsin“ x a+bcos”x asin“ x + bsinx cosx + ccos” x

Divide N' & D' bycos®x & puttanx=t.

dx
Illustration 17 : Evaluate : .[—2
2 +sin” x
Solution : Divide numerator and denominator by cos’x
[ - J- sec” xdx B J- sec” xdx
2sec” x +tan” x 2 +3tan” x

Let  /3tanx =t 5 3sec? xdx =dt

1 ¢ dt 1 1. .t 1 J3tanx
So [=— =—.—tan ——=+c= ——tan | ——— |+¢ Ans.
e mEe e ()
[llustration 18 : Evaluate : I dx 5
(2sinx + 3 cosx)
Solution : Divide numerator and denominator by cos®x
I :J- sec? xdx !
(2tanx + 3)
Let 2tanx+3=t, o 2sec’xkdx = dt
1 cdt 1 1
- —2:——+C=——+C Ans.
2°t 2t 2(2tanx + 3)

Do yourself -10 :

D s [— b e | i
(M) vatiate = J1 f4sin?x (i1) vaate = J3sin?x +sinxcosx +1
dx dx dx
ii T OR E— OR
(i) J‘a-irbsinx J‘a+bcosx J‘a-i-bsir1x+c<:osx

X
Convert sines & cosines into their respective tangents of half the angles & put tan §=t

t —t? 4 2dt
In this case sin Xx = ———,cosx = , X = 2tan t; dx = 2
1+t 1+t 1+t
dx
Mllustration 19 : Evaluate : J.—
3sinx +4 cosx
2 X
—dx
d d sec
Solution : I = jg , X4 = J. X _ X2 -
SInX + % cosX 2‘[a1’1i :[—tanzi 4+6tanf—4tan2f
3 2 liq 2 2 2
1+tar125 1—1—‘[anzi
2 2
1
let tan% = t, Esec2 %dx =dt
2dt 1 dt 1 dt
o 1=lreae T3l - 5] z
4+ot-4t® 27 (tz 3t) 27 95 ( 3]
_ _ 2 (.3
2 16 4
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()
—+|t—— 1+2tan—
= % 15 éng ;L +c =l£n—+c Ans.
2() —(t—] 5 4 —2tan—
4 4 4

Do yourself -11 :

(i) Evaluate : J.

dx
3 +sinx

dx
1 +4sinx +3cosx

(ii) Evaluate : J

(iii)

acosx +bsinx +c¢
J- dx

pcosx+qsinx+r

d
Express Numerator (N') = ¢(D") + md—X(Dr) + n & proceed.

[llustration 20 :

Solution

Evaluat j 2+3cos6 40
valuate : sin@+2cosO+3

Write the Numerator = /(denominator) + m(d.c. of denominator) + n
= 2 + 3 cos 0 = /(sin®+2cosO +3) + m(cosO - 2sinO) + n.
Comparing the coefficients of sin, cos6 and constant terms,

weget3/+n=2, 20+m=3, (-2m=0 = (=6/5 m=3/5 and n=-8/5

EJ- cos0—2sin6 d9—§J‘ do
57sin0+2cos6+3 57sin0+2cos60+3

do
sin®+2cos0+3

Hence I =J.§d6+

8
= 26+§€n|sin6+2c056+3|— gls where I, = _[

In L, put tang= t= seczgde = 2dt

[ = ZJ‘ dt =2J- dt _ o ltanfl[t+1\)= tan’l[tane/z—i_l]
’ 2 42t+5 9 (t+1)7 +2° 2 2 2
Hence 1 :?+§€n|sin9+2c059+3|—§tan’1 (%j-m Ans.

Do yourself -12 :

(i) Evaluate : j—dx (ii)  Evaluate J.

sin X 3sinx +2cosx

sin X + cosx 3cosx +2sinx

(iv)

. m n
Ism x cos” xdx

Case-l : When m & n € natural numbers.

* If one of them is odd, then substitute for the term of even power.

* If both are odd, substitute either of the term.

* If both are even, use trigonometric identities to convert integrand into cosines of multiple

angles.
Case-Il : m + n is a negative even integer.

* In this case the best substitution is tanx = t.

11
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AL

Illustration 21

Solution :

Illlustration 22 :

Solution :

[Hllustration 23

Solution :

: Evaluate J‘sin3 x cos® x dx
Put cos x = t; — sin x dx = dt.

so that 1= —j(l —2).£°dt

- [ -y =t L ook _cos'x
8 6 8 6

Alternate :
Put sin x = t; cos x dx = dt

so that 1= jt3(1 —t?)2dt = j(ﬁ‘ —2t° 417 )dt

sin*x  2sin®x  sin®x

4 6 8

Note : This problem can also be handled by successive reduction or by trignometric identities.

.2 4
Evaluate Ism x cos” xdx

2
J.sin2 x cos® xdx = J.(l _COSZXJ(COSZX +1j dx = jl(l —cost)(cos2 2x +2cos2x +1)dx
2 2 8

= %I(cos2 2x +2cos2x +1 —cos® 2x — 2 cos? 2x —cost)dx

1 6x+3 2 1+ 4
=lj(—COSS2X—C0522X+C052X+1)dx =——I COSDRT OCOs2X COS X cos2x —1 |dx
8 8 4
1 |sin6x 3sin2x 1 sindx sin2x x
= X ———+—+—+cC
32 6 2 16 64 16 8
sin6x sin4x
=————-——+—sin2x+—+c
192 64
W/sin x
: Evaluat ———dx
valuate Icosg/zx
sin'/? x dx
Let |=|———dx =
€ '[cosg/zx J‘sin’l/Zxcosg/zx
1 9
Here m + n = 5 o = —4 (negative even integer).

Divide Numerator & Denominator by cos’x.

I= I\/tanx sec’ xdx = I\/tanx(l +tan” x)sec? xdx
= [Vt + )t

(using tan x = t)

+gth

3 7

:gts/z

2 2
+c="tan®?x+=tan”?*x + ¢

CAREER INSTITUTE
KOTA (RAJASTHAN

sin® x
(i) Evaluate : J a

Do yourself -13 :

v/sin xdx

COSS/Z X

dx

(ii)  Evaluate : J (iii) Evaluate : Isinz x cos® x dx

Cos X

12
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(f) Integration of Irrational functions :

R S —————
(ax +b)y/px +q (ax +bx+c)\/px+q

1
dx ,put ax +b =—; J- dx ,putXZ%

(ii)

(ax-i—b)\/px2 +Qx+r (ax? +bx—|—c)\/px2 +qx+r

) J. X+2 dx
llustration 24 : Evaluate (% +3x+3Wx+1

X+2

Solution : Let, I =I 5 dx Putx + 1=t = dx = 2tdt
(x? +3x +3)Vx +1
t* —1)+2 2 2

1= (-1 .(2t)dtzzj%d: j%

(2 =12 +3(t2 =1)+ 3N 2 41 24141/t
1+1/t2 du { B }
=9 dt=2 whereu=t——
j(t—l/t)%(@)? ju2+<£)2 t

2_
2 t-1 X J—i—c Ans.
)

= 4 . v :it—l_ :it"l—
5 [@j N [@j B [ 31

dx
[llustrati 25 : Evaluat
ustration 25 valuate .[(X_l)m

dx 1
Solution : Let, I= putx - 1=— = dx = -1/t* dt
'[(x—l)\/x2+x+1 t
I’I -1/ t%dt ~ j dt
1 ) (1 V3t* +3t+1
1/t —+1] + ¥+1 +1

dt

_ =—i31og|(t+1/2)+\/(t+1/2)2+1/12|+c
t 7) 1/12
+2 +1/

EJ\/[ 1

+c Ans.

dx

[lustration 26 : Evaluat
ustration 26 valuate J.(1+x2) 1—x2

dx

Solution : Let, I= '[—
1 +x*W1-x*

1 _
Put x = T So that dx = t—21dt

J~ -1/ t3dt =_J~ tdt
=l e0i-1/¢ (2 + 1V -1

again let, t* = u. So that 2t dt = du.

13
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= — | —————— which reduces to the form J‘P\/_ where both P and Q are linear so that

2 (u+1)Wu-1

we put u-1 = z® so that du = 2z dz
1 2zdz dz

I=-=

27 (2 +1+1)\/z7:_'[(22+2)

[=—

w )

[=- 1 1(—u_1]+c——itan_l[ t2_1J+c——Ltan_l[ 1_X2]+
e R ST E R )T ET

Ans.
Do yourself -14 :
i)  Eval I—X dx ii)  Eval f—dx
(i) valuate (x—3)m (ii) valuate : sz
Miscelleneous lllustrations
cos® xdx
llustration 27 : Evaluate J. 3
sin® x {sin® x + cos® x °
4 4 4 2
t d
Solution - |- .[ cos” X dx = J' cos” X _dx :J-col xcossec;/(sx
2 > +
sin® x {sin® x + cos® x PP sin® x{l + cot® x PP (1+ cot™)
Put 1 + cot’x =t
5cot’x cosec’xdx = -dt
Sl dt 1 55 1 5 \2/5
__gjt3/5 ——Et +c ——E(l—i-cot x) +c Ans.
dx
Mllustration 28 : J‘ﬁ is equal to -
cos” x +sin” x
(A) /n|tanx — cotx|+c (B) /n|cotx — tanx|+c
(C) tan\(tanx - cotx) + ¢ (D) tan™'(-2cot2x) + ¢
dx sec’ x (1 + tan® x)® sec? xdx
Juti : let] = |————F— = | —————dx=
Solution € J-cos6x+sin(’x J1+tan6xd J. 1+tan®x
If tan x = p, then sec’® x dx = dp
(1+p2)°d (1 P [“2]
+ + P
= I= j 1 p’)dp j p 1 =.[ 1 dp
+pf Pt pz[p2+z—1)
P
- I dk =tan' (k) +c (where p—l=k,(1 +L2jdp =dk]
k* +1 p p

1
= tan™ (p ——J +c=tan(tanx —cotx) + ¢ = tan"}(-2cot2x) + ¢
P

[llustration 29 : Evaluate : I6 Zsin2x - cosx dx

—cos?x —4sinx

dx =

Solution : 1:'[62Sin2x_cosx d J‘6 (4sinx —1)cosx

J- (4sinx —1)cosx

2 : . . - -
—cos” x —4sinx —(1 —sin® x) —4sinx sin?x —4sinx +5

dx

ns. (C,D)

14
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[lllustration 30 :

Solution

[llustration 31 :

JEE-Mathematics
Put sinx = t, so that cos x dx = dt.
(4t—-1)dt .
= Iz— ,,,,,, (i)
(t*—4t+5)
Now, let (4t - 1) = A2t -4) +
Comparing coefficients of like powers of t, we get
2 =4, 4n+u=-1..... . (i)
A=2, u=7
ECIEETN N
=1 _4t+5 {using (i) and (ii)}
2t—-4 dt dt
= 2| —dt+7|————— = 2log|iz —
'[tz—4t+5 '[tz—4t+5 gl 4t+5|+7'ft2—4t+4—4+5
=210g|t2_4t+5|+7j dt =210g|t2—4t+5|+7 tant (t - 2) + ¢
(t=2)"+(1)

2log|sin’x — 4sinx + 5| + 7 tan"'(sinx - 2) +

The value of .[ .sin” — ] dx, is equal to -

(A) i{—3(cos 1(%)] 9 —x?.cos™ (§j+2x}+c
1 1 X a1 X

(B) { (cos SD +2 sin (§j+2x}+c

(C) { (sm XD +2 9 x?.sin~? (§)+2x}+c

(D) none of these

Here, 1 = I /3 X jdx
+X

Put x = 3cos20 = dx = -6sin20d0

3 3c0529
3-3c0s20 | (¢ s
I 3+300$29 cos J (-6 sin 20)d0

- | i1 in 1 (sin 0).(<6 5in 20)d0 - — 6 [0.25in” 0)do
COSs

62
= —6_[9(1—c0529)d9 = —6{?‘_{900529(19}
2 . . .
6 {9__(9511129_Il'[sm.Zejde]} _ 3¢ +6{esm26+00529}+c
2 2 2 2 4
1 2
=— —3[005_1 (in +249 —x* .cos™ (ij+2x +c
4 3 3
tan(n—xj
4 dx

cos? X\/tan3 x + tan® x + tan x

Evaluate :

Ans.

Ans. (A)

15
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(1 —tan? x)dx

Solution : I = dx =
cos? X\/tan3 X + tan” X + tanx (1 + tan x)? cos® xx/tan3 X + tan® x + tan x
—(1 - 12 )sec2 xdx
tan” x
=]
(tanx+2+ ) tanx +1 +
tan x tan x
let, y=,/tanx+1+ = 2y dy:(seCQX— 5 .seczx)dx
tan x tan” x
'[ —2ydy I dy
(v* +1).y 1+y?
= - 2tan™ y+c= —2tanl[ tanx +1 + J+c Ans.
tan x
ANSWERS FOR DO YOURSELF
3
1: (i) Ltan'1 4x +c (ii) sinx —lsin3 X+c
36 3 3

- 1
2: (i) 3 ;—Sirfl\/?)—x—i-c (ii) Zn[[x+§]+\/x2+x+l}+c

X —
1 2 2 . 2
3: (i) xe*-e +c (ii) —EX cos(x“) +sin(x") + ¢
4 : (i) e‘tant +c (ii) Eexz sin(x?)+c¢
(i) x tan(en) + ¢ (ii) x/nx + ¢
6: (i) —%fn|x+1|+%fn|x+3|+e (ii) fn|x+2|+x+2+c

(ii) 5vVx® +4x+1 —6€n[(x +2)+Vx" +4x +1J+c

1 L(xP-1) 1 x®—2x+1
(ii) tan ——Enz—
2\/5 \/Ex 2 x +\/§X+1

\/§ (2){4—1]
(i) —5 fan

NG
8: (i) [

1 x*+1 1)\° 1 123
9: (i) _Efn[ e JJFC (ii) —(1 +X—3j +c (iii) —§(1+X—3j +c
2 8tanx +1
K —tan ftanx i) ——tan | ——— |+c
10: 6 'V tanx)+c W Tz ( = ]
) Ltanl(fﬂtanx/2+1j+c - |\/g+tanx/2 2|
11 (i) 2 2J2 (i) 2\/* |\/* tanx/2+2|
12 - (i) %X—%€n|sinX+COSX|+c (i) %X—%fn|3003x+25mx|+c
13 : (i) %tan3x+c (ii) %tan3/2X+c (iii) %singx—ésinsx+%sin7x+c.

\/x+ -2

14 . (i 2\/x+1+ é
(®) vx+1+2

+c (i) —%\/1+x2+c

16
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EXERCISE - 01 CHECK YOUR GRASP

SELECT THE CORRECT ALTERNATIVE (ONLY ONE CORRECT ANSWER)

2sinx—sin2
1. If f(x) = jwmg x # 0 then lirr(l) f'(x) is equal to-
X X
(A) 0 (B) 1 € 2 (D) 1/2
. X 3x
2. j4 sinx cos—cos—dx is equal to -
2 2
A) COSX 1c052x+1c053x+c B 1 2 1 3x +
-— - COSX ——C0s2x ——cos3x +¢
@) 2 3 ®) 2 3
1 1 1 1
(C) cosx +—cos2x+—cos3x+c¢C (D) cosx +—cos2x ——cos3x +c¢
2 3 2 3
8x+13
3. |

dx is equal to -
JAx+7

1 1
(A) 6 —(8x + 11)/4x+7 + ¢ (B) 6 —(8x + 13)4/4x+7 + ¢
1 1
(C) g(8x + 9)4x+7 + ¢ (D) g(8x + 15)4x+7 + ¢
cos® x —sin® x
4. j dx equals -
(1—25in2 x cos? x d
_sian+C B sir12x+C © cost+C D —COSZX+C
2 2 2 2
5. Primitive of X T wrt xis -
4
x" =1
1 1 1 1
3 1 3 3 1 3 4 1 3 4 1 3
(A) [1+ J +c (B) ——(1+ ] +c (O —[1+ J +c (D) ——[1+ ) +c
4 x*t -1 4 x* -1 3 x* -1 3 x* -1
6 I(1+2x+3x2+4x +on) dx (x| < 1) -
@A) 1+x'+c B) (1 -x"+c © 1+x%+c (D) none of these

x dx

7. j \/ is equal to -

1+x%+ (1 +x2)3

(A) %In(l +x/1+x2)+c B) 241 ++1+x* +¢

Q) 2 (1 +41 +x° )+ c (D) none of these

8. J- €n| | dx equals -

X4/1 +€n x
(A) %,/1 + fn|x|(|n|x| -2)+c (B) %«/1 + €n|x|(|n|x| +2)+c

© %\/1 + Unlx|(In]x| -2)+c (D) 241+ (nx|(3¢n|x|-2)+c

17
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41 B
9. If j%dx =A £n|x| + > + ¢, where c is the constant of integration then :
x(x2 +1) T+x
AA=1,B=-1 B A=-1,B=1 ©OA=1B=1 DyA=-1;B=-1
« V2
10. j dx equals -
(1 +x5j
2 x> N 2 < 2 1 te
(A) AT c B) T +c (©) 5 o (D) none of these

11. jsinX.cosx.cost.cos4x.cos8x.cosl6x dx equals -

sinl16x N B _cos32x te ©) cos32x te D) _cos32x
1024 ¢ 1024 1096 1096

12. Identify the correct expression

+cC

A) xjﬁnxdx = X2€n| xl—x2 +c (B) xjfn|x|dx =xe* +c

C _[Xd _ L D JAd_Xthanltij'i‘C

(O x|e*dx =xe* +cx D) Jat+x2 a a
(’n(x+ 1+x2)
5, bt

1+x°
X X
(A) 1+x2€n(x+\/1+x2)—x+c (B) E.Enz(x+\/1+x2)—\/172+c
+x

dx equals -

X f 2 X
(C) E'fn (X+ 1+x )+m+° (D) 1+x2!in(x+\/1+x2)+x+c

dx 2 -1 1
14. If j—2=a€n(1+x)+btan Xx + = fn|x + 2| + C then-
(x+2)(x*+1) 5
a2 o1z 12 o 1 2
Ba=-15.b=-5 Ba=g5.b=-5 (©a=-5.b=5 DBa=750=7
(x-1)
15. Imdx equals -
A §+X+ X L. B x5+xs+x+3+ c x5+4x3+3x+3+C o1 N -
A) 2l B) 3(x2+1) © 3(x2+1) (D) None of these

x? -4
16. J—dx equals -
x* +24x% +16 a

2 2
A) %tan'1 {—(X4:4)J+c B) —%cot'l{(x :4)J+c
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J. dx equals-
N4 +x* +x*
V4 +x% +x*
W e B Vg e
9
X .
jmdx is equal to -
A L 4r+1 ;
_— _— | +
(A) Bx - c
(©) oo (1 + axh) v
If jd—x = atan"l(btanij + ¢, then-
5+4cosx 2 ’
Ut
(Aa=3,b=-3
C)a= 2 b = 1
€ a=-7, 3

X
D 11+4‘2
()40( )°+ ¢
b2 1
()a_si _3
S S
()a _37 __3

SELECT THE CORRECT ALTERNATIVES (ONE OR MORE THAN ONE CORRECT ANSWERS)

20. Primitive of \/1 +2tanx(secx+tan x) w.rtx is -
(A) €n|sec x| —€n|secx —tan x| +c (B) €n|secx + tan x|+ €n|sec x| +c
X X
(©) 2/n 56C5+tan§ +c (D) fn|1 + tan x(secx + tan x)|+c
21. J.sin2xdx equals -
2
@) _ cosZx te B) sin” x ©) _cosx D) cos2x te
2 2 2
dx
22. I—l equals-
3
“(1-50)
2x
(A) Zn|2x2—1|+22n|x|+c B) €n|2x2—1|—2€n|x|+c
1
) n[2x” ~1|- In(x*) - (2 +c D) (il -— | +e
23. If _fe3x cosdxdx = e**(Asindx +Bcosdx)+c , then -
(A) 4A = 3B (B) 2A = 3B (C) 3A = 4B D) 4A + 3B =1
O », A »,
Que. 1 2 3 4 5 6 7 8 © 10
Ans. B B A B B B B A C A
Que. 11 12 13 14 15 16 17 18 19 20
Ans. B C A C D A A D B A,B,D
Que. 21 22 23
Ans. AB,C | B,C,D C,D

19
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EXERCISE - 02

BRAIN TEASERS

SELECT THE CORRECT ALTERNATIVES (ONE OR MORE THAN ONE CORRECT ANSWERS)

—

Jm_m

dx equals -
\/E(cosx + sin X)

(A) sec”! (sin X + cosx) +c

(©) fn‘(sin X +cosx )+ \/sinZX‘ +c

sinx +4sin3x +6sin5x +3sin7x
j dx equals -

sin2x +3sin4x + 3sin6x

(A) -2sinxtc
_ 7
jl_xdx
x(1+x7)

(A) (n] x| +%€n|1+x7|+c

(B) 2sinxtc

equals -

(C) In|x]| —%!ﬁn|1+x7|+c

x3dx

I is equal to -
J1+x2

1+x2 (2 + x%) + ¢

w |-

(A)

(€

(1 + )(2)3/2+ c

W | =

Isin2(€nx) dx is equal to -

(A) %(5 + 2sin(2/nx) + cos(2/nx)) + ¢
(C) %(5 - 2sin(2/nx) — cos(2¢nx)) + ¢

J-X2 -i-COS2 X

o .cosec’x dx is equal to -
+X

(A) cotx + tan'x + ¢ (B) cotx — tan'x + ¢

2
| =X =3 dx , equals-
/ {< +3)2] )
X

(B) sec™! (sin X — cosx) +c

(D) fn‘(sin X —cosx)++/sin 2)(‘ +c

(C) —2cosxtc (D) 2cosx+c

(B) /n]|x]| —§€n|1—x7|+c

(D) In] x| +%£n|1—x7|+c

W=

J1+x?2 (2 - 1) + ¢
Jlex? (k2 - 2) + ¢

W | =

X

10 (5 + 2sin(2/nx) — cos(2/nx)) + ¢

X

10 (5 - 2sin(2/nx) + cos(2/nx)) + ¢

(C) —cotx — tan'x + ¢ (D) tan™'x — cotx + ¢

20
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8. j'e‘a"flx(l +x+x%).d(cot™ x) is equal to -
(A) e + ¢ (B) e ¥ + ¢ (C) —x.e™ *+ ¢ (D) x.e™ *+ ¢
1 ) n-1_ _2n
9. Iexu dx is equal to -
(1—x")yJ1=x"
1-x" 1+x" 1-x" 1+x"
(A) e — o+ c (B) & |—/—— + ¢ Q) —&*, |/ + ¢ (D) —¢* |/ + ¢
1+x 1-x" 1+x" 1-x"
10. Iex4 (x +x° +2x5)exzdx is equal to -
1 2 x* 2 x4 1 x2 x4 1 2 x2 x*
(A) —xe” .e” +c¢ (B) —x" e +c (C) —e” .e" +c (D) —x"e” .e” +c
4
-1
11. Primitive of 3)(—2 w.rt. x is -
(x4+x+1)
X L. . S _x+1 __x+1
@) X" +x+1 (B) x"+x+1 ( x*+x+1 ( x'+x+1

12 jd—x !
. < [ (Xs _1)]1/3 equals -

13. J. SNX x is equal to -

sin4x
1 1+x/§sinx 1 1+sinx |1+x/§smx| 1 1+sinx
(A) In + —/In - +c - —/n -
242 |1-2sinx 8 |1-sinx 2f |1 2smx| 8 |1-sinx
1 1+\/§sinx 1 1+sinx |1+\/§smx| 1 1+sinx
© /n + —/n - +c - —/n -
432 |1-+2sinx| 8 |l-sinx 4[ |1 \/_smx| 8 |1—-sinx

dé

cos® 0+/sin 20

14. The value of integral J- can be expressed as irrational function of tan0 as -

(A) g(\/tanze—i—S ) tanO+c (B) %(tan26+5) Vtan +c

(@) g(tan26+5) Vtan0 +c (D) \/7(tan29+5) Vtan0 +c

(U

15.

3sinx+2
JSREEZE%E gk = ax + bin[2sinx + 3cosx| + c, then -

3cosx+2sinx

Mae-2 poB HL-L bt 2L gL
Aa=-13 39 ®Blar ) (©a=13: 775 ®a=-13.27 15




JEE-Mathematics el ALLEN

KOTA (RAJASTHAN

=i

16. dx is equal to -
J‘x\/x—i-l d
(A) fn‘x—,lxz—l‘ - tan'x + ¢ (B) Kn‘x+‘lx2—1‘ - tan'x + ¢
(C) Zn‘x—1/x2—1‘ - sec’'x * ¢ (D) én‘x-i—\/xz—l‘ - sec'x + ¢
17. | dx ' It
. —————— is equal to -
(1+\/;)\/x—x2
. 2(Wx 1) . 2(1++/x) . 2(Jx 1) 5 2(1++x)
— + —— 4+ b — 4+
(A) Tx c (B) _x c (®) — c (D) 1 c
p 1 1 1 . o
18. Let f'(x) = 3x“.sin— - xcos—, x # 0, f(0) = 0, f ; = 0, then which of the following is/are not correct.
X X
(A) f(x) is continuous at x = 0 (B) f(x) is non-differentiable at x = 0
(C) f'(x) is discontinuous at x = 0 (D) f'(x) is differentiable at x = 0
1 x—1
19. -[xz 1 In o1 dx equals -
1 x—1 1 x—1 1 x+1 1 x+1
—m?l—|+ — i —|+ —n?l—+ — i |—|+
AR ] LA P @™ k™ O g™ 1)
dx 1
20. I equals, where x € | = 1]-
x — x2 2
(A) 2$in’1«/;+c (B) sin'(2x —1) +c¢
(©) c—cos'(2x —1) D) cos™ 2vx —x? +¢
sin2x .
21. dex is equal to -
(A) cot™ (cot2 x)+c (B) —cot™’ (tan2 x)—i—c (C) tan™' (tan2 x)—i—c (D) —tan™ (cos2x)+c
Que. 1 2 3 4 5 6 7 8 9 10
Ans. A C C B C
Que. 11 12 13 14 15 16 17 18 19 20
Ans. B B D C C D A B,C,D | B,D |A,B,C,D
Que. 21
Ans. A,B,C,D

22
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EXERCISE - 03 MISCELLANEOUS TYPE QUESTIONS

FILL IN THE BLANKS

4 X 6 —X
1. Iijf dx = Ax + B log(9¢® - 4) + C, then A = ....... B=.. . and C = ...
9e* — 4e7*
2. If the graph of the antiderivative F(x) of f(x) = log(logx) + (logx)™ passes through (e, 1998 - e) then the term
independent of x in F(x) is .......

3. Let F(x) be the antiderivative of f(x) = 3cosx — 2sinx whose graph passes through the point (n/2, 1). Then

4. Let f be a function satisfying '(x) = x*/%, f(4) = 2 and f(0) = 0. Then f(784) is equal to ........

MATCH THE COLUMN
Following question contains statements given in two columns, which have to be matched. The statements in

Column-I are labelled as A, B, C and D while the statements in Column-II are labelled as p, q, r and s. Any given
statement in Column-I can have correct matching with ONE statement in Column-II.

1. The antiderivative of
™) ™
( Column-I Column-II
1 1 1(a x)
(A) f(x) = is (p) —tan | —tan—| + ¢
(@% +b?)—(a? —=b?)cos x P ab b 2
1 1 _1 tanx 1
B f = i t + = —
(B) ) a?sin? x +b? cos® x ' @ a’sina on (sinaj @@ cos a
1 1 4 (a j
C flx) = ——————— i —t —tanx | +
© ) acosx+bsinx s (r) ab ! b ¢
_ 1 . 2 2 1 1 14
(D) | f(x) = 220 co? x is; (@ > b (s) Y log tang(x+tan 5 + c
2 If(x)dx when
e N g
Column-I Column-II

1 1 | a
(A) f(x) = PN (p) c - sin ﬁ

2 2 X
B) | 16 - azx_ S N R S

f) = —— -

© (x) = (x% —a?)>? (r) ¢- a2 Jx? — a2

1 X
(D) fx) = —F/— (s) —— + ¢

xyx*—a’ a’yx? +a’

ASSERTION & REASON

In each of the following questions, a statement of Assertion (A) is given followed by a corresponding statement
of Reason (R) just below it . Of the statements mark the correct answer as

(A) Statement-I is True, Statement-II is True ; Statement-II is a correct explantion for Statement-I

(B) Statement-I is True, Statement-II is True ; Statement-II is NOT a correct explantion for Statement-I
(C) Statement-I is True, Statement-II is False.
(D)

D) Statement-I is False, Statement-II is True.
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f(x) f(x) f5(x)
1. If D(x) =| a, b, C, |, where f, f,, {, are differentiable function and a,, b,, c,, a,, b,, c, are constants.
asz b, F
Jfl(x)dx '[fz(x)dx Ifs(x)dx
Statement - I : _[D(x)dx= a, b, Cy + c
as by Cs
Because
Statement - II : Integration of sum of several function is equal to sum of integration of individual functions.
(A) A (B) B ) C (D) D
X
2. Statement - I : If a > 0 and b® - 4ac < 0, then the values of integral I 2 will be of the type
ax“ +bx+c
-1 X+A
Utan + c. where A, B, C, u are constants.
Because
Statement - II : If a > 0, b%? - 4ac < 0, then ax®+ bx + ¢ can be written as sum of two squares.
(A) A (B) B ) C (D) D
3. If y is a function of x such that y(x - y)* = x.
Statement - I : J. = llo (x - y)?- 1]
T "x-3y 2 g 4
Because
Statement - II : | dx log(x - 3y) + c.
x—3y
(A) A (B) B (ON® (D) D
COMPREHENSION BASED QUESTIONS

Comprehension # 1

In calculating a number of integrals we had to use the method of integration by parts several times in succession.

The result could be obtained more rapidly and in a more concise form by using the so-called generalized

formula for integration by parts

J

wher

u(x) v(x)dx = u(x) v, (x) - u'(x)v,(x) + u"(x)v,(x) —

1 2 3

e v, (x) =I v(x)dx, v,(x)

Of course, we assume that all derivatives and integrals appearing in this formula exist. The use of the generalized

formula for integration by parts is especially useful when calculating IPH(X) Q(x) dx, where P (x), is polynomial

of degree n and the factor Q(x) is such that it can be integrated
n + 1 times.
3 2 sin2x cos2x
1. If I(x - 2x° + 3x - 1)cos2x dx = u(x) + 3 v(x) + c, then -
(A) u(x) = x* - 4x* + 3x (B) u(x) = 2x® - 4x*+ 3x
(C) v(x) = 3x* - 4x + 3 (D) v(x) = 6x° - 8x
2x
2. If Iezx,x4dx = 62 f(x)+ C then f(x) is equal to -

(A) (x4 -2x° +3x% - 3x +§)l
2/)2

3
(C) x* - 2x® + 3x% - 3x + 5

B) x* - x>+ 2x7- 3x + 2

3
(D) x* - 2x® + 2x% - 3x ty

successively
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Comprehension # 2
Integrals of class of functions following a definite pattern can be found by the method of reduction and recursion.

Reduction formulas make it possible to reduce an integral dependent on the index n > 0, called the order
of the integral, to an integral of the same type with a smaller index. Integration by parts helps us to derive
reduction formulas. (Add a constant in each question)

If 1 = I(d—x then I  + 1-2n L I is equal to -

x? +a?)" 2n  a’
A X B 1 1 c 1 X D 1 1
(A) (x%+a?)" B) 2na? (x%+a%)"! © 2na’ (x*+a%)" (D) 2na’ " (x*+a?)
sin” x n-1 ]

fFI1 = -[cosm N dx then I+ P I, 5. is equal to-
@) sin"™ x ®) 1 sin™ ! x © 1 sin™™? x D) n-1 sin"?

cos™ ™ x (m-1) cos™!x (n—1) cos™'x m-1 cos™ ™ x
Ifu = I% dx , then (n + lau , + (2n + 1)bu_+ ncu_, is equal to -

ax” +2bx+c

Xn—Z Xn
(A) x"Jax? +2bx +c B FH——— © p (D) x"yax® +2bx +c
JJax® +2bx+c yJax® +2bx+c

MISCELLANEOUS TYPE QUESTION ANSWER KEY EXERCISE-3

Fill in the Blanks

. =203 I val 2. 1998 3. 1 4. 2240
. 50 36 any real value . . .
Match the Column
1. A ->p;B—>r(C)—>s;D—> q 2. A->B—>q9;0C—>rD—>p

Assertion & Reason

1. (A) 2. (A) 3. (C)

Comprehension Based Questions

Comprehension # 1 : 1. (B) 2. (O
Comprehension # 2 : 1. (C) 2. (B) 3. (D)
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EXERCISE - 04 [A]

CONCEPTUAL SUBJECTIVE EXERCISE

Evaluate the following Indefinite integrals :

dx 5x* +4x°
—d It .tan2x.t
L. Isin(x—a)sin(x—b) 2. .|.(><5+x+1)2 * 3. anx.tan2x.tan 3x dx
Vx? +1 [ﬂn(x2+1)—2 an]
4 J‘ r dx
: X
5. Integrate %f‘(x) wrt x* | where f(x) = tan'x+/nv1+x —/n+1-x
J‘ [cosecx — cot x secx 4o J‘ (ax” — .[ x2 .
. —d
6. cosecx +cotx /1 +2secx xy/c’x? —(ax® +b)’ 8. (xsin X + cos x)°
cosO+sin® (x]x (e)x j xfnx
20.n——— db —| +|—= Inxd _—
9. ICOS ncose—sine 10. j[ o < nxdx 11. (x% — 1)°/2 dx
x> +3x+2 3x? + 1 dx
d X"+
2. o pop® WEE9 13, Jo o 14. [ or  WEE 84
dx o
- - . -11/3 -1/3 COSX —sInXx
15. Isin2x+sin2x 16. _[(smx) (cosx)™"“dx  17. 1—7_9%2}( dx
2
cos” X
d N/ /
18. 1+ tanx X 19. _[( tanx + cotx)dx [JEE 89]
(cos2x)'/? 1
et bl S| ——dx
20. _[ snx X [JEE 87] 21. J‘g/;#\;/; [JEE 92]

CONCEPTUAL SUBJECTIVE EXERCISE

ANSWER KEY

EXERCISE-4(A)

in(x — +1
1. cosec(b—a).ZnM+c 2. —5X—+C
sin (x —a) X7 +x+1
2 [2
3. [—fn(secx)—lfn(seCZX)+l€n(sec3x)} +c 4. w 2-3/n (1 +L2j
2 3 9x X
2 .
2 2 cx xsinx + cosx

1. cos0+sin6 1 x) (e X+ Inx
9. E(sm29)€n os0_sm0 | Efn(seCZO) + 10. o < ¢ 11. arc secx - \/ﬁ +c

3 1 1 X 1)
12. Ztan? x —=/n(l +x)+—/n(l +x?) + +c 13. C - 2 1) 14. - (1+_4) te

2 2 4 1+x2 (x”-1) X

l tan x e _3(1+4tan2x) L n(4+3 sinx +3 cosx)_i_C
15. 2 tanx +2 8 (tanx)®/? 17. 24 (4-3 sinx—3 cosx)

1 1 N, _ .
18.—/n(cos + sinx) + 2. —(sin2x + cos2x) 19. J2tan? {MJ +

4 2 8 V2
20 LIO \/E“F\]]._tan X 1 \/271)

. \/5 [_m og(cotx + 4fcot” x— + c

3 2/3 12 7/12 1/2 2 5/12 1/3 1/6 1/12 1/12 1/4

21.5 - 7)( + 2x7° - —x7T+ 3x777+ 6x77° - 12x + 12log|x + 1] -4x7'" + ¢
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EXERCISE - 04 [B] BRAIN STORMING SUBJECTIVE EXERCISE
cos8x —cos7x sin(x —a) cotxdx
=22 Y Vx +Vx? —d
L. 112 cosbx 2. Jxedxirzax s, I\/sin(x+a) 4 I(l—sinx)(secx+1)
1-x dx dx
d — dx
5. J- 1+x X 6. Isecx+cosecx 7. Isinx\/sin(2X+OL)
ﬂn(cosx+\/0052x) J- e’ (Z_X )
8. d 9. ———=dx
-[ sin? x * 1 -x)]V1-x*
1 0 0] |x X
2
10. Let |6 2 0 x? | = 20+ Px , V x € R and f(x) is a differentiable function satisfying,
5 4 3 1 5x +1x° +3
ax® +Bx +v
f(xy) = f(x) + x> (y* = 1) + x (y - 1) ;¥ x, v € R and f(1) = 3 . Evaluate j )

Veotx —/t f
11, J‘ cotx anxdX 12. J'sirfl X dx
a+x

1+3sin2x
. . . f(x)dx . . .
13. Let f(x) is a quadratic function such that f(0) = 1 and _f ﬁ is a rational function, find the value of f'(0)
x“(x+
e“*(x sin® x +cos x) X
1 4 . N dX 15 J‘ﬁ dX
sin” x (7x-10—-x")
BRAIN STORMING SUBJECTIVE EXERCISE ANSWER KEY EXERCISE-4(B)
1 3/2 2
1. l(ZSin3x—3sin2x)+c 2. g(x+\lxz+2) ————3; ¢
6 (X +VxZ+2 )
Ccos X 2 2 1 x| 1 2 X X
3. cosa.arccos —sina.ﬁn(sinx+\/sin X —sin a)+c 4. —/Injtan—{+—sec” —+tan—+c
cos a 2 2| 4 2 2

1| . 1 X T
5. Jxv1-x-2V1-x +arccosvx +c 6. E{smx—cosx—ﬁfntan[§+§ﬂ+c

fn[cotx+cota+\/cot2 X+2cota cotx—1 }-i—c

1
7. J/sin o
8. COSZX—x—cotx.(n(e(cosx+\/c052x))+c 9. e® 1+X+c

sin x 1-x

J ( J2si )
10. 3x - fn( x2+x+1j+\/§tan71 [2X+1J+c 11. tanlk—2SIr12X J+C

ﬁ sinxX + cosx

&

12.(a+x)arctan§—\/a7x+c 13. 3
14. C - e®™*(x + cosecx) 15. 2(7x-20) + e

947x-10—x*
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EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

1 Jc052x—1 B
) cosZx+1 1
(1) tanx - x + C (2) x + tanx + C (3) x — tanx + C
1
g, [18¥ g,
X
1 1 1
(1) E(logx +1) +C (2) ——(logx + 1) + C (8) —(logx - 1) + C
X X

sin x
3. If I—dx =Ax + B logsin(x o) + C then values of (A, B) is -

sin(x — o)

(1) (sino, cosa) (2) (cosa, sino) (3) (-sinal, cosal)

[AIEEE-2002]

4) % - cotx + C

[AIEEE-2002]

(4) logx + 1) + C

[AIEEE-2004]

(4) (-cosa., sina)

dx .
4. J— is equal to- [AIEEE-2004]
cosx—sinx
Pty a3
1) ——=log|tan| ——— | + C 2) ——log|cot| = || + C
W Zles (2 8 AN R R
1 x 3m 1 x 3m
) —=lo tan(———j + C @) —lo tan(—+—j +C
2 %278 2 32 s
2
1 -1
5. .[ (OQ—X)2 dx is equals to - [AIEEE-2005]
1+(logx)
logx X xe® X
_ 4+ 2 + C + C _ 4
(logx)® +1 @ x%+1 ) 1+x2 (logx)® +1
dx
6. J'— equals- [AIEEE-2007]
cosx++/3 sinx

1 X T
(2) —logtan(———J + C

1) Liogt (5+1j+c
(1) 3 logtan| 575 2 2 12

2 2

X T X T
3) lo tan(—-i-—j + C 4) lo tan(———j +C
(3) log 12 (4) log 2 12

2

sin x dx

7.  The value of V2 J-—n is -
sin(x—j

(1) x + log +c¢  (2) x - log +c (3) x + log +c

()
cos| x——
4

5tanx

o)
sin| x ——
4

' ( nj
S| X——
4

8. If the integral It 7
anx—

(1) 2 (2) -1 (3) -2

4) x - log

dx = x + alnj|sin x = 2 cos x| + k then a is equal to :

[AIEEE-2008]

(=)
cos| x——
4

[AIEEE-2012]

+c
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9. If If(x)dx = ¥(x), then .[x5 fix®)dx is equal to : [JEE (Main)-2013]
(1) %[XST(XS)—IXZT(XS)dx}c 2) %x?"l’(xs)—?»jx?"l'(xs)dxw
3) %XS‘P(XS)_J‘XZ‘P(XS)C]X-{‘C () %[X3‘P(X3)—JX3‘P(X3)dX]+C

PREVIOUS YEARS QUESTIONS ANSWER KEY EXERCISE-5 [A]
Que. 1 2 3 4 5 6 7 8
Ans 3 2 2 4 4 1 3 1
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EXERCISE - 05 [B] JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

—

PREVIOUS YEARS QUESTIONS

1.

2x +2
Evaluate : J‘sin’1 (Lde. [JEE 2001 (Mains) 5M out of 100]

Vax? +8x +13

1
For any natural number m, evaluate I(XSm + x5+ x™)2x®™ + 3x™ + 6)™ dx where x > 0

[JEE 2002 5M out of 60]

xZ -1 .
J dx is equal to -
Xs\/2X4 -2x% +1

Voxt —2x? +1 Voxt —2x? +1 Vox4 —2x? Vox* —2x? +1
(A) x—2x++C (B) x—3x++C (@) 2X_2X+1+C D) X2—2X++C
X X X X

[JEE 2006, (3M, -1M) out of 184]

Let f(x) :(1 "/ for n > 2 and g(x) = m (x). Then _[Xn_z g(x)dx equals. [JEE 2007, 3M]
+X f occurs n times
1 L 1 1—1 1 1+l 1+l
A) n(n—l)(1+nxn) "+K (B) n_1(1+nx") "+K (O r](Ml)(l+nx“) n+K (D) — (1+nx") P +K
Let F(x) be an indefinite integral of sin’x. [JEE 2007, 3M]

Statement-1 : The function F(x) satisfies F(x + n) = F(x) for all real x.

because

Statement-2 : sin’(x + m) = sin’x for all real x.

(A) Statement-1 is True, Statement-2 is True ; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True ; Statement-2 is NOT a correct explanation for Statement-1.
(C) Statement-1 is True, Statement-2 is False.
D)

D) Statement-1 is False, Statement-2 is True.

X -x

e

Let = |—F/—————d = | —F/————dx. -
e e K SRRl b e o [JEE 2008, 3M, -1M]

Then, for an arbitrary constant ¢, the value of J — I equals

llo e™ —e® 41 te llo e +e? 41 te
(B) 58 o e 41 B) 578 e e 1

llog e —e* +1 te llog e*t +e® +1 te
© 2 e +e* +1 (D) 2 e —e® +1

2
The integral J-de equals (for some arbitrary constant K) [JEE 2012, 3M, -1M]

(secx + tanx)’’?

1 1 1 1 1 1 2

@ _(secx+tanX)U/2 {H—7(secx+tanx)2}+K ® (Secx+tanx)11/2 {H‘;(sechrtanX) }+K
1 1 1 1 1 1

(C) - (secx N tanx)ll/z {H+7(secx + tan x)z}+K (D) (secx +tanx)11/2 {H+7(secx + tan x)2}+K

ANSWER KEY EXERCISE-5 [B]

m+1

(2X3m +3x%m +6xm) m
6 (m+1)
D 4. A 5. D 6. C 7. C

4 2(x+1)

(x +1)tan e

—%Zn(4x2+8x+13)+c 2.
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